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The r e su l t s  a r e  given of an inves t igat ion on the effect of flow ins tab i l i ty  on f r ic t ion  and heat  t r a n s f e r  
laws as well as the in tegra l  c h a r a c t e r i s t i c s  of the boundary l aye r .  

The ana lys i s  i s  based  on approx imat ions  of tangent ia l  s t r e s s e s  and heat  fluxes using the method de-  

s c r i b e d  in [1]. 

A method is p roposed  for ca lcula t ing  f r ic t ion  and heat  t r a n s f e r  in ax ia l ly  s y m m e t r i c  conduits in the 
case  of nons ta t ionary  condi t ions.  

A survey  was given in [2] of the p r e s e n t  s ta te  of r e s e a r c h  on nons ta t ionary  f r ic t ion  and heat  t r a n s f e r .  
It was shown that solut ions a r e  e i the r  cons t ruc ted  by using the laws of f r ic t ion  and heat  t r a n s f e r  obtained 
under  s t a t i ona ry  condit ions or c r i t e r i a  a r e  in t roduced into these  laws which take into account the fact  that  
the p r o c e s s  is unsteady.  

In p r inc ip le ,  all  solut ions  r e f e r  to l a m i n a r  flows around su r faces  of s imp le  fo rms .  

As a rule ,  turbulent  flows a r e  analyzed  by employing the quas i s t a t i ona ry  approximat ion  which in a 
number  of cases  leads to con t r ad i c to ry  r e s u l t s .  It is our aim in this  work to es tab l i sh  laws of f r ic t ion  and 
heat  t r a n s f e r  in the non - s t a t i ona ry  case  and to develop a computat ion method under  these  condit ions for the 
turbulent  boundary l aye r  in the in i t ia l  length of pipe.  

1. Laws of Turbulent  F r i c t ion  and Heat T r a n s f e r .  By its ve ry  na ture  turbulent  flow of fluid is not 
s t a t i ona ry .  The t i m e - a v e r a g e d  p a r a m e t e r s  of turbulent  flow a r e  usual ly  given by the fo rmula  

1 i u ( T _ T t ) d t  ' 

0 

where  T is the t ime  dur ing which the averag ing  takes  place.  This pe r iod  should be suff ic ient ly  long com-  
p a r e d  with the t ime  sca l e  of tu rbulence  and suff ic ient ly  shor t  compared  with the pe r iod  of any sma l l  flow 
a l t e r a t i ons  not d i r e c t l y  r e l a t ed  to tu rbulence .  

If these  flow condit ions a r e  s a t i s f i ed  it can be a s sumed  that the nons ta t ionar i ty  of the ave raged  t u r -  
bulent flow has no d i r ec t  effect on the s t r u c t u r e  of the turbulent  boundary l aye r .  The precondi t ions  of s e m i -  
e m p i r i c a l  t heo r i e s  of tu rbu lence  r ema in  val id  for  this  quas i s t a t i ona ry  turbulent  boundary l ayer .  The 
Prand t l  formula  for  the turbulent  tangent ia l  tension 

toge the r  with 

@ / (1.1) 
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All notations and subscripts are taken from [1]. 

= Z .  (1.3) 

The fo rmu l a  (1.3) can be in tegra ted  p rov ided  the d i s t r ibu t ion  is known of the tangent ia l  t ens ions  a c r o s s  
the boundary  l aye r .  An approx ima t ing  po lynomia l  p roposed  in [1] is used  to d e t e r m i n e  them,  name ly  

~-= a -'- b~ -- c~" + d~ 3, (1.4) 

whose  coeff ic ients  can be found f r o m  the boundary  condit ions 

~=:o, a--==:o; ~=o,  ~-=1, ~ = =  1 I 

By inse r t ing  (1.5) in (1.4) one finds 

- 

-~_ == 1 ~ 2~-?1 ~-~-~/~' T0---- i + % 3 - - 3 ~ 2 ,  (1.6) 
T o 

where  ~0 is the d i s t r ibu t ion  of tangent ia l  t ens ions  along the th ickness  of an i s o t h e r m i c  boundary  l aye r  on a 
n o n p e r m e a b l e  smooth  plate .  

The value  of the de r iva t ive  at the wall can be found if one wr i t e s  the equat ion of mot ion  for  the r eg ion  
under  cons ide ra t ion .  One has 

d P  1 0 . . . .  :- - - .  - -  (rT) = O. (1.7) 
d x  r Or 

In v iew of 

one obtains f r o m  (1.7) 

In the case  of a s t a t i ona ry  flow z = 0, 

p r ev ious ly  obtained in [1]. 

The following w e r e  adopted in (1.9): 

d P  _ Ow o Owo (1.8) 
d x  P o ~  + Po~'0 a - - ~  ' 

~ + 
~ -  ::-:  z-!- ~ ;- b~ ~ ro. (1.9) 

r0 -~ oo pas t  a p lanar  p la te  t h e r e  follows f r o m  (1.9) 

~ 
a~ : | }~ v- bl -:-~ ( I . i 0 )  

(5 Owo 8 Ow~ 
Po " ; ~  - PoWo - - ,  

z w Ot ' %0 Ox 

(ow)~, 2 
b l ~  . . . . . .  . 

9o~Vo c/ 

(1.11) 

By inse r t ing  (1.9) in (1.6) it is found that  

}- 1 + ~ {z -i- ~ + bl o__ _ 6 )  (1 .12)  

By subs t i tu t ing  (1.12) in (1.3) and in tegra t ing  the l a t t e r  with b 1 = 0 and by employing  the Reynolds  analogy,  

h* -- h~, (i .I 3) 

) 
lyR+ + =: 2 (i - -  cox) 

l ] / / /  Cf+ J (V~l~h -',- (1 - -  %) ml) T - - ~  F 

(1.14) 

one obtains 
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Fig .  1. C o m p u t a t i o n a l  r e s u l t s  of the  r e l a t i v e  f r i c t i o n  c o e f f i -  
c i en t :  c u r v e  1) B ++ = 2"10 ;  c u r v e  2) 10; c u r v e  3) 10; ~h = 1. 
The  l i ne s  fo l low f o r m u l a  (1.14). 

F ig .  2. The  c r i t i c a l  p a r a m e t e r  n o e r  vs  B ++. 

~t,,e+ + _.=(',, c_f) R ++ F=lni ]  (V :~---, ( | /3 -  @ I/1 -I- n) (VI -i- 2"~1 - } - 1  T' n)(I/'-'l -,-2~i' -- } / ~ )  l/1 -}- n~') 

, - -  i ( l / / f ~ - n - - ,  14-n)(  / ~ ( I - L  __n~ z H._L/ n ; . . . . . . .  
I /  ( / , ,  , 

n 2 -i- z -r  o 

/ ' 0  

The equa t ion  of m o t i o n  for  the  r e g i o n  of the  l a m i n a r  s u b l a y e r  can be  w r i t t e n  as  

(1.15) 

I;~--dy = T ~ - -  ,9~ at i 0o9o-~-x ) g ~- (P~)~ coX. (I.16) 

By i n t e g r a t i n g  (1.16) be tween  the  v a r i a b i l i t y  l i m i t s  of the  sought  qua n t i t i e s  (41 and wl) the  fo l lowing  e x p r e s -  
s ion  is  ob ta ined  for  the  r e l a t i v e  v e l o c i t y  at  the  b o u n d a r y  of the  l a m i n a r y  s u b l a y e r  

5 / Q ~ ,  6 Ow,, .~1 __ 5 a:a~ -~T (Pm)w ~od~ (1.17) 
- - - - T  . . . . . . . . . . . .  a.-7- ' 2 1 - -  �9 ~i = R  + +  5.+ [ 2 ~'0 0f 2 ~v 0 PoW0 j 

0 

One has  the  iden t i t y  

011 mo 
++a~a++ (R++5/5++)2 (1.18) R . . . .  ~i 

It was shown in [3] t ha t  t he  n u m b e r  R 0 p r o v e d  a c o n s e r v a t i v e  quan t i t y  for  a c c e l e r a t e d  and s lowed  
down f lows .  If one t a k e s  i t  as  equal  to i t s  v a l u e  u n d e r  s t a n d a r d  cond i t ions  one ob ta ins  f rom (1.17) t o g e t h e r  
with (1.18) 

VR0 (1.19) 

-i- I bl ~' r 
0 

The a n a l y s t s  of Eqs .  (1.14), (1.17), and (1.19) shows  tha t  for  s o m e  v a l u e s  of the  p a r a m e t e r s  which 
d e t e r m i n e  f r i c t i o n  t h e r e  m a y  o c c u r  a c a s e  in which  the  f r i c t i o n  coe f f i c i en t  v a n i s h e s .  F r o m  the  p h y s i c a l  
po in t  of v i ew th i s  would  i n d i c a t e  tha t  the  f low b e c o m e s  s e p a r a t e d  f r o m  the  wa l l .  A s i m i l a r  e a s e  o c c u r s  
when the  p a r a m e t e r  n o = h~  b e c o m e s  equal  to i ts  l i m i t i n g  va lue .  
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If in s t a t i ona ry  flows the s epa ra t i on  o c c u r s  for  the c r i t i ca l  va lues ,  k 0 = h0c r then in nons t a t i ona ry  
flows the s epa ra t ion  m a y  take  p lace  for  any x 0 and the t i m e - d e r i v a t i v e  of the ve loc i ty  m u s t  be nega t ive ,  
that  is, in the case  of a s imul t aneous  effect  of nons ta t ionar i ty  and p r e s s u r e  g rad ien t  the  flow s e p a r a t i o n  is 
poss ib l e  in na r rowing  conduits  and its s tab i l iza t ion  in widening ones .  

The value o f  the c r i t i ca l  p a r a m e t e r  n0c r can be found f r o m  (1.13) if one a s s u m e s  that  n o - -  n0c r ,  "~1 
~ Vlcr ,  ~l--* ~lcr ,  bl--* O, c f ~  O. One has  

2 (1 - -  COlcr) r 
n~ = S - -  ~ --i- - - / - - -  1 

V w  In 

: c - / y  
B 2 \ 1 , - - + 1  (I l+2.~,er-l-]/2~-~er): 

(1.21) 
= R +  + 8 cr. ~,�89 

~ ~-~" 2 2 "n~ 

(1.20) 

/" Ro 
_ W 2 (R+.8/8++) ~ . (1.22) 

�9 2 n~ 

In Fig.  1 computa t iona l  r e su l t s  a r e  shown of the r e l a t i v e  f r i c t ion  coeff ic ient  vs fac to r ;  in the l a t t e r  
the p a r a m e t e r  n o under  cons ide ra t ion  is taken into account  n o r m a l i z e d  by n0c r for  d i f fe ren t  va lues  of the 
Reynolds  n u m b e r  R ++. Its d e c r e a s e  is d is t inc t ly  not iceable  with the i n c r e a s e  of the p a r a m e t e r  n 0. M o r e -  
over ,  one can obse rve  a laminat ion  as r e g a r d s  the n u m b e r  R ++. In the reg ion  of pos i t ive  a c c e l e r a t i o n  
t h e r e  is only a sma l l  i n c r e a s e  in the r e l a t i ve  f r ic t ion  coeff ic ient ,  not exceeding 10%. 

In Fig. 2 the  c r i t i ca l  p a r a m e t e r  n0c r is shown as a function of the n u m b e r  R ++. The quant i ty  n0c r 
i n c r e a s e s  with R ++ i n c r e a s i n g  which is due to g r e a t e r  s tabi l i ty  of the tu rbulen t  boundary  l aye r .  

The heat  t r a n s f e r  law can be found f r o m  the hypothes i s  that  the spec i f i c  heat  flux is p ropor t i ona l  to 
the g rad ien t s  of ve loc i ty  and of enthalpy [3], 

= p _(l ~Ow= lh-~y ~ (i .23) q 

It was shown in [4] tha t  fo r  P r  ~ 1 one has  

7~~ ;  a~ a0 
a~ a~ 

A t w o - l a y e r  mode l  of the hea t  boundary  l aye r s  is adopted [5]. Then t r a n s f o r m i n g  (1.23) one obtains  
a r e l a t ion  for  the r e l a t i ve  heat  t r a n s f e r  coeff ic ient  in the f o r m  

t l / -  t ee 
iFa+ + = o, (I :24) 

I | " 

qo 

Thus in this  c a s e  as  in the de r iva t ion  of the f r i c t ion  law the d i s t r ibu t ion  of heat  f luxes a c r o s s  the 
boundary  l a y e r  m u s t  be known. A cubic p a r a b o l a  approx imat ion ,  s i m i l a r  to (1.14), fo r  the boundary  con-  
dit-ions 

) = 1  q = 0 ,  ~ = 0 ;  ~ :=0 ,  q = l ,  0q ( 0 q  (1.25) 
, - ~ (  _ a-~-= W ~ 

resu4ts  in the following re la t ion :  

__~q _=_ 1 + ~__~___ (zh + bxh0 5_h t 
- -  l 7 

qo 2~ -7 1 ~ r o J 

6 h 1 . Oln ',~h for 1 --+a > 0 ,  
zh = - -  Wo S - - - t  " 1 - - ~ h  Ot 

(1.26) 
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5 h 1 31 n'.~l, 
za -- ' w0St" 1--(pa at for 1 --  % <  0, (1.27) 

q0 being the heat-f lux distribution by thickness of the quasi thermal  boundary layer  on the impermeable 
smooth plate. 

The paramete rs  on the boundary of the heat laminar  sublayer  can be found from the following consid- 
erat ions.  

The energy equation for the region direct ly adjoining the wall can be writ ten as follows: 

a(h~--ho)  , 9 % 0 ( h ~ - - h * )  ~ 0 ( t G _ h , ) .  (1.28) 
9~ - - a t  ' ag = -Pr Oy 

By integrating (1.28) with respect  to the t ransversa l  coordinate y one obtains 

a (h~--h;) 
a (h w - - h * )  --  q~,--,o~ g -}- (9~v)w(hw--h*). (1.29) 

P r "  0 ~  at 

The dimensionless enthalpy at the boundary of the laminar  subiayer is found by integrating (1.29). 
One has 

0~ = pr R ~ + ~  {Si~ h 5~ I . ~ ( 1 _  ~h) 
�9 ~ o  % ~ ( 1 - - % )  at 

• ~S__h + (pw)~ (~"~0d~/. (1.30) 
2 P0w0 .) ) 

0 

By introducing the stability cr i ter ion of the laminar  sublayer  in (1.30) by means of the relat ion 

01 ~h 
R+ + /  5 ~ - R ++ ~ .... (1.31) 

one obtains 

V ~J~ (1.32) 
~ l h  ~ f 

. 5  , ~ ht, 
0 

By solving the simultaneous equations (1.26), (1.27), and (1.24) and integrating the lat ter  for blh = 0 
and employing (1.13) one finds 

f 2 
p *h = I} *h~- (I --V~)0~+ I 

where Qh is determined by (1.15) with Qh = F, 41 = ~lh. 

1 --01 __]n~t ~ }2 
1 - -  01o Q ' (1.33) 

Nonstationary heat transfer is characterized in principle by heating or cooling of the surface. The 

anisotropy parameter ffh tends therefore asymptotically with t ~ ~ to unity, that is, t ~ ~, ~h ~ i; 8r 

/3t ~ 0, having eliminated the indeterminacy it follows from (1.27) that z h ~ 0. Then 01 ~ ~i0; Qh ~ In 

}lh and ~h -* i. For z h = 0 and Ch ~ i the previously obtained result in [6] follows from (1.33). 

Let i~ ++ ~ ~. Then by removing the indeterminacy in (1.33) it is found that the relative heat-transfer 

coefficient in the limiting case under consideration is independent of the nonstationarity, that is, ~z = i. 

Equations (1.14), (1.17), (1.19) and (1.30), (1.32) and (1.33) are of such structure that their solution and 

the numerical results are the same provided one starts with the same data (R ++ = R~+; z = Zh). 

Therefore, the computational results obtained by using (1.30), (1.32) and (1.33) can be shown in Fig. 
i. 

In the case of heating up when @h approaches unity (I -- r > 0 the derivative is positive and the heat- 
transfer coefficient exceeds its value in stationary conditions. Physically, this is explained by an additional 

loss of energy proceeding from the heat carrier to the cool wall so that the enthalpy profile across the 

boundary layer can be reconstructed. In the case of cooling ~h approaches zero. In sueh a case the relative 

coefficient of heat transfer is less than unity and the heat-transfer process is less intensive. 

2. Profiles of Velocities and Enthalpy and Integral Characteristics. If Eq. (1.3) is integrated be- 

tween variable limits with respect to w and ~ then the velocity can be found in the turbulent core of the 
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Fig.  3. Ca lcu la t ion  r e s u l t s  of the ve loc i ty  p ro f i l e :  c u r v e  1) z 0 
= - - 1 . 9 9 ;  c u r v e  2) 0; c u r v e  3) 15; c u r v e  4) Z0e r = 42.5.  C u r v e s  
- -  the  ca lcu la t ions  follow (2.1). 

Fig.  4. I n t eg ra l  c h a r a c t e r i s t i c s  of the  tu rbu len t  boundary  l a y e r  
+ + .  fo r  R ++ = 104: 1) 6 /50 ,  2) 6++/5++; 3) H/H0. C u r v e s  - -  the  

ca l cu la t ions  fol low (2.5). 

boundary  l a y e r  as a funct ion of the  t r a n s v e r s a l  coo rd ina t e  by keep ing  the va lue s  of R ++ and z f ixed.  By 
i n s e r t i n g  (1.12) into (1.13), i n t eg ra t ing  the  r e s u l t  and f ina l ly  so lv ing  the  ob ta ined  r e s u l t  fo r  the sought  
quant i ty  one obta ins  

2 ,-b- (1 --~h)a~ i / / ' i  2 + (1 --~bh) a~ 'i ~ o 
(0~ ~ 2 2 ( - -  (1 - -  ~i~a7 ), (2.1) 

al -- _~ Fi ' (2.2) 

w h e r e  F i a r e  d e t e r m i n e d  by (1.15) if  ~1 is  r e p l a c e d  by the  va lues  of ~i.  

F o r  ~bh = 1 t h e r e  fol lows f r o m  (2.1) tha t  

l' 1 1 / / / - c , ~  ~ =: x -2-- F~, (2.3) 

fo r  eh = 1 ;  if z - -  0 o n e h a s  

1" ~ /~  c: o 1. 
w~ = 1 + x ] /  - 2 -  "" ~" (2.4) 

In the  c a s e  of  c r i t i c a l  p r o f i l e  the  r e l a t i o n  can be e x p r e s s e d  by the  f o r m u l a  (2.1), the  quant i ty  a i  
be ing  g iven  in th is  c a s e  by 

In Fig .  3 ca lcu la t ion  r e s u l t s  a r e  shown of the  ve loc i ty  p ro f i l e  fo r  R ++ = 104 and fo r  d i f f e ren t  va lues  
o f  z 0. It is  c l e a r  tha t  if  the  flow is  d e c e l e r a t e d  then  the  ve loc i ty  p r o f i l e  is r e d u c e d  but with a c c e t e r a t i o n  
it m a k e s  up for  it. F r o m  the point  of v iew of the  r e a c t i o n  of the bounda ry  l a y e r  to an ex t e rna l  f o r c e  th is  
can be  expla ined  by the  f o r m a t i o n  of ano the r  boundary  l a y e r  and by the  a s s o c i a t e d  r e c o n s t r u c t i o n .  

By i n s e r t i n g  (2.1) in the  e x p r e s s i o n s  fo r  d i s p l a c e m e n t  t h i c k n e s s  and fo r  los s  of m o m e n t a ,  n a m e l y  
1 

6+ 

0 
1 

8+§ f ~ ( 1 -  r  -~0 ) d~, y (2.5) - -  = .  

0 

the  sought  r e l a t i o n s  can  be  obta ined.  In p a r t i c u l a r ,  one has  fo r  the  d i s p l a c e m e n t  t h i c k n e s s  

8 + 1 - c~--~ 6 --~1 / 2-[ 1 ]//"-~~ ~ 1 
= -2-v T , ,  n o t T ~ 3 (~=+no) 
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t 2 - -  \ no 

4 n~ 

, T ~  3 ~ l n  l , / - i  ~ B I  
' n  o 4 J l /  1Ci 

no 1 -- 2 ~--~ 
/7- 0 

, 

\1 no / 

The  fo l lowing  w e r e  i n t r o d u c e d  in (2.6): 

f 3  
B = p -2- no -i-~ Tz+no 

V " ~  n o - - ] /  ~rfzTn o 

, C =  

z 2T~ 
t +  y n o 

l - V <  
In F ig .  4 the  i n t e g r a l  c h a r a c t e r i s t i c s  of the  t u r b u l e n t  b o u n d a r y  l a y e r  a r e  shown for  R ++ = 104 as  a 

funct ion  of the  n o n s t a t i o n a r i t y  p a r a m e t e r .  One o b s e r v e s  tha t  they  a r e  e s s e n t i a l l y  d i f f e r e n t  f r o m  t h e i r  
v a l u e s  ob t a ined  u n d e r  s t a t i o n a r y  c o n d i t i o n s .  

The  d i s t r i b u t i o n  of en tha lpy  a c r o s s  t he  b o u n d a r y  l a y e r  can be  found f r o m  (1.24). 
be tween  the  l i m i t s  of v a r i a t i o n  of the  sought  qua n t i t i e s  one ob ta ins  

"., 2 (1 
0 -  ' 2 

1 - -  % 

w h e r e  

1 

" ~  1 / llh -2-- In 

~ m  

d - V Sto WhQh~, 
X 

(]#3---, .  l + n h ) ( i  1-!-2~- ' . - | /1--n, ,~) 1 
(|/3-I-~ l + n , , ) ( l # ~  - ]  1--n,,~,) / 

/ f -  , , 

t 2  - , I , ,  ) ,  

(~h 
nl~ = 2 + zl~ . . . .  

r o 

For the flow of an incompressible fluid, (2.7) implies 

O= 1--d. 

(2.G) 

I n t e g r a t i n g  (1.24) 

(2.7) 

(2.8) 

In 3. Evo lu t ion  of T u r b u l e n t  B o u n d a r y  L a y e r  in In i t i a l  Leng th  of P i p e  in a N o n s t a t i o n a r i t y  C a s e .  
the  c a s e  u n d e r  c o n s i d e r a t i o n  i t  is  conven ien t  to w r i t e  the  s y s t e m  of equa t ions  in the  fo rm 

6 +§ 0~ o 6 ++ 0i% cr 1 8po~'.6 + 0--5§ ~ . . . . . . . . . .  (2 ',-H) -: . . . . . . . .  , (3.1) 
O.r % a.v ,% o>: 2 9o~,~ 5~ 

a5 ++t, 6 ++t, a~,~ , 5i~ -+ a,% 5U:- c)2',h 

= S t -  1 3_\h&~ (3.2) 
Ah~, o at ' 

zo e , 

~ ?  -0T / p~176 ~- ( 1 = 0 (3.3) 
. ,, r o / )  
0 

The i n t e g r a t i o n  of the  s y s t e m  (3.1)-(3.3)  depends  on the  i n i t i a l  c o n d i t i o n s .  In v iew of t h e i r  d i v e r s i t y ,  
a p a r t i c u l a r  e a s e  wi l l  be c o n s i d e r e d  in which  the f low r a t e  of t he  i n c o m p r e s s i b l e  f luid is  n o n s t a t i o n a r y .  

In th i s  c a s e  the  s y s t e m  (3.1)-(3.3)  r e d u c e s  to the  d i f f e r e n t i a l  equa t ion  
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Figl-5.. -lVIain flow p a r a m e t e r s  vs  
t ime  at the boundary of the initial 
length. Curve  1) z0 f rom (3.6) ;curve 
2) Zav e f rom {3.6); curve  3) W/Wma x 
f rom (3.12); curve  4) W H f rom (3.4); 
curve  5) ~H f rom (3.13). Dots) r e p -  
r e s en t  data f rom [7]. 

ldH 
dX W~ - -  W~ (It7~ - -  1) HdWo -[- (1 + H)(W o -  1) 

= ( 3 . 4 )  

dWo 4HW~o ~-~--H(W o -  I) D 0wol 
[.0321 O~ 

The integrat ion of Eq. (3.4) can be ca r r i ed  out in s e v e r a l  
ways.  The fr ic t ion coefficients  and the shape p a r a m e t e r s  
which appear  in the equation can be de te rmined  by using the 
methods desc r ibed  in w and 2 r e spec t ive ly .  The gradient  of 
the shape p a r a m e t e r  can be computed f rom the equation 

dH 1 d~ =+ H d6 ++ 
. . . .  (3.5) 

dW 0 6 +~ dW 0 6 ++ dW o 

by inser t ing in it the gradients  of the d i sp lacement  th ickness  
and of loss  of the momen ta  obtained by different iat ing sui table  
re la t ions .  

It is convenient to wr i te  the p a r a m e t e r  cha rac te r i z ing  the 
nonsta t ionar i ty  of the flow hydrodynamics  in the fo rm 

2 6 1 [ D 1 dW 0 1 0 [ ~] ' D . (3.6) 
cf~ r,~ 2 Wol ~ 5 W o Ot 

The thickness  of the boundary l aye r  is re la ted  to the p a r a m e t e r s  in a given sect ion by 

rl 1/ / - (   112 8 + 
r0 v fn '  (3.7) 

1 "c,---[[I.  /--%o 12~ I') In 

1 y 3 ( ~ + n 0 ) _  V ], 
2 

L - -  - -  I / ~ I - Z  -~ In - 
- = x  V 2 \ n o  n 4 

I [ ~  ~ 3 ~ , 5 ~  r " a ( ~ + n 0 ) - - Y ~  
-:- 4 }  " 2~ - -  -8" t ~-o - -  no 1 - - ~  

no 

(3.S) 
4 (1 -  2 ,t2 

\ % / 

The re la t ion  between the veloci ty  and the number  1R ++ is found f rom Eq. (3.3) which in our case  it is 
convenient to wr i te  as 

4HR ++ = R1 ( W 0 -  1). (3.9) 

The law of f r ic t ion under s tandard  conditions is obtained f rom (1.13) and one has  

ch ( l--c~176 ) ~. (3.10) 
2 , 1 i n  ~a0 

Thus the s y s t e m  of equations (3.1)-(3.10) is complete ly  de te rmined  by the evolution of the turbulent  
boundary l aye r  in i so the rmic  conditions and by the appea rance  of nonsta t ionar i ty .  In the case  of flux in 
the initial length of pipe its solution can be obtained by employing the following scheme .  

1. F rom the given initial conditions w01/D = f(t) one can de te rmine  the value of veloci ty  and of its 
der iva t ive  at the entry to the pipeline which cor responds  to a given t ime  instant  and one evaluates  the 
th ickness  of the boundary layer ,  the d i sp lacements  and momenta .  

2. Using the fo rmula  
4Wo + (Wo-  I)-~U 

dW~ 
d---{- = D/wo~ (3.11) 
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Fig.  6. Mean ve loc i ty  
cu rves :  curve 1) t = 0; 
curve  2) 0.5; curve  3) 
0.6; curve  4 )0 .7 ;  curve  
5)' 0.8; curve 6) 0.9. 
Computat ion of curves  
c a r r i e d  out by using (3.4). 

one ca lcu ta t e s  the t i m e - d e r i v a t i v e  of the ve loc i ty  and the fo rmula  (3.6) y i e lds  the p a r a m e t e r  n o in a sec t ion  
which co r r e sponds  to the in tegra t ion  s tep  of Eq. (3.4). 

3. Knowing the p a r a m e t e r  a 0 one finds now ~1, ~ l  and �9 by solving the s y s t e m  of equatLons (1,14), 
(1.18), and (1.19). 

4. The thickness of displacements and the losses of momenta, of the boundary layer and the number 
R ++ are now calculated. 

The obtained values are used as the initial conditions in the next step. 

Figures 5 and 6 show the results ofthe calculations using the above described method. The initial 

condit ions f rom the expe r imen t s  in [7] (Fig.  8b) were  adopted as the s t a r t i ng  data for  the case  of a s lowed 
down flow. The a v e r a g e  ve loc i t i e s  in F ig .  6 shown by points were  approx imated  by quadra t i c  pa rabo la  to 
give t ime-dependen t  ave r age  ve loc i ty  r e f e r r e d  to i ts  m a x i m a l  value.  The roughness  of the p ipe l ine  was 
not taken into account .  The t i m e - v a r i a t i o n  of the bas ic  flux p a r a m e t e r s  at the boundary of the ini t ia l  length 
is  shown in Fig.  5. The following spec ia l  f ea tu res  a r e  obse rved ,  

For  sma l l  va lues  of negat ive  a c c e l e r a t i o n  at the entry  the flow on the conduit axis  can be a c c e l e r a t e d .  
This can be explained by the fact  that  comple te  a c c e l e r a t i o n  in the potent ia l  core  of the flow is a sum of the 
a c c e l e r a t i o n  at the input and of the a c c e l e r a t i o n  due to the growth of the d i sp l acemen t  th ickness .  If the 
second contr ibut ion is cons ide r ab l e  then negat ive  values  of the p a r a m e t e r s  z 0 and Zav e may  be obse rved .  

The modulus of a cce l e r a t i on  i n c r e a s e s  with t ime ,  its contr ibut ion becomes  g r e a t e r  and at some  in- 
s tant  the p a r a m e t e r s  z 0 and Zave a s s u m e  pos i t ive  va lues .  

F rom this  t ime  instant  the  to ta l  flow d e c e l e r a t e s .  The way in which the nons ta t ionar i ty  p a r a m e t e r  
changes impl ies  a spec i f i c  law for var ia t ion  of the r e l a t i v e  f r ic t ion  coeff ic ient  ~. For  aeee}era ted  flows i t  
exceeds  unity, for d e c e l e r a t e d  ones it is l e s s  than one. The ave rage  r e l a t i v e  f r ic t ion  coeff ic ient  over  a 
pe r iod  is 0.7 which is in a g r e e m e n t  with the expe r imen ta l  data of the authors  of [7] (Fig. 7). As ment ioned 
p rev ious ly ,  a negat ive  ve loc i ty  g rad ien t  has a cons ide rab l e  effect  on the  in tegra l  c h a r a c t e r i s t i c s  of a t u r -  
bulent  boundary l aye r ,  in p a r t i c u l a r  giving r i s e  to the growth of the d i sp l acemen t  th i ckness .  This is in-  
d i r e c t l y  conf i rmed  by cons ide r ab l e  ve loc i ty  change of the ini t ia l  length at the boundary as well  as by ca l -  
cula t ions  of ve loc i ty  on the pipe axis  along its length as shown in Fig.  6. The flow in the potent ia l  c o r e  
was a c c e l e r a t e d  up to 0.5 s ec  s ince  the a c c e l e r a t i o n  due to the growth of d i sp l acemen t  th ickness  p r e v a i l e d  
over  the in i t ia l  dece l e r a t i on .  The cu rves  1 and 2 a r e  ve ry  c lose  to one another .  

For  l a rge  dece l e r a t i ons  the d i sp l acemen t  th ickness  changes cons ide rab ly  and the growth of r e l a t i v e  
ve loc i ty  on the axis  is  a p p r e c i a b l e .  
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Curves  obtained by employing 
(3.4); the points r e p r e s e n t  expe r -  
imenta l  results. 

From Fig. 6 one can draw yet  another  impor tant  conclusion.  
The negat ive veloci ty  gradient  has  a subs tant ia l  effect  on the growth 
of thickness  of the boundary l aye r  which mani fes t s  i t se l f  by the de-  
pendence of  the length of the initial  por t ion  on t ime.  

In view of the lack of exper imenta l  data on k inemat ic  flow 
cha rac t e r i s t i c s  in the initial length of the pipe under  given condi- 
t ions an exper imenta l  invest igat ion had to be ca r r i ed  out. Its 
f i r s t  pa r t  includes the m e a s u r e m e n t  of the total  p r e s s u r e  in the 
p r e m i x  chamber  and of s ta t ic  p r e s s u r e  in the pipe length. It is 
our  a im at this s tage  to de te rmine  the veloci ty  in the flux potential  
core  in the p r e s e n c e  of nons ta t ionar i ty .  

The exper imenta l  se t  up cons is t s  of a c losed- type  flowing 
water  hydrodynamic  sys t em.  The following a r e  its main  e lements :  
a wa te r - supp ly  sy s t em,  pu l sa to r  with a p r e m i x  chamber ,  expe r i -  
menta l  port ion,  automat ic  r eg i s t r a t ion  s y s t e m  of the p a r a m e t e r s .  

The supply s y s t em  contains a pump TsV4/85,  a buffer  and a damper  capaci ty .  

To ensure  a specif ied veloci ty  law and its prof i le  at the entry to the exper imenta l  port ion a pu l sa to r  
and a p r e m i x  chamber  a r e  used.  

The exper imenta l  por t ion is a s e a m l e s s  pipe made f rom s ta in less  s tee l  its in ternal  d i ame te r  being 
20 m m  and its  length 2200 m m .  At the sec t ions  x / 2 r  0 = 0.5; 8; 12; 20 holes  of 02 .2  m m  were  dr i l led  and 
pipe connections welded on for  s t a t i c - p r e s s u r e  m e a s u r e m e n t .  

An automat ic  r eg i s t r a t ion  s y s t e m  for  the p a r a m e t e r s  ensures  that the sought quanti t ies a r e  r e g i s t e r e d  
in less  than 1/10th of the m e a s u r e m e n t  per iod.  The s y s t e m  cons is t s  of DDV p r e s s u r e  t r a n s d u c e r s ,  KN-2M 
conver t e r s  and of an N-700 osci l lograph.  

The iner t ia  cha r ac t e r i s t i c s  of the s y s t e m  f lu id - t ransducers  were  es t imated  in accordance  with [8]. 

P r i o r  to s ta r t ing  the main  exper imen t s  the sizing and cal ibra t ion of the equipment was c a r r i e d  out. 
The sizing consis ted in de termining  the r easons  for hydrodynamic  instabi l i ty  and flow pulsation.  It was 
found that the p r e s e n c e  of bends and turnings in the instal la t ions was the main  sou rce  of pulsa t ions .  The 
hydraul ic  route was,  t he re fo re ,  completed using the sma l l e s t  poss ib le  number  of turnings .  A pa r t i a l  sup-  
p r e s s ing  of pulsat ions is achieved by damping capaci ty .  

Cal ibrat ion includes the checking of readings  of all  p r e s s u r e  m e a s u r e m e n t s  and of the secondary  ap-  
pa ra tus .  

The main  exper imen t s  r e f e r  to flows with dece le ra ted  as well  as a cce l e r a t ed  s ta te  of flux at the entry  
to the exper imenta l  port ion.  The exper imen t s  e m b r a c e  the range  of veloci ty  f rom 0 to 6 m / s e c  and of ac -  
ce le ra t ion  f rom 0 to 50 m / s e c .  The Reynolds numbers  cor responding  to the ve loci t ies  at the entry va ry  
f rom 5.5- 104 to 11.5.104. 

The complete  and s ta t ic  p r e s s u r e  m e a s u r e d  during the exper iment  is used  to find the veloci ty .  It 
can be de te rmined  by solving the Lagrange- -Cauchy  equation, 

Ow o 0w 0 0 (p+ p). (3.12) 
P o ~  +PoWo ax - Ox 

In Fig. 7 these  calculat ions a r e  r e p r e s e n t e d  as functions 

WOI 

One obse rves  the effect  of the negat ive initial acce le ra t ion  on the veloci ty  change in the potential  core .  The 
effect  of posi t ive  acce l e ra t ion  is negligible and was not not iceable  in the expe r imen t s .  
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